HOMOMORPHISMS, AMENABILITY AND WEAK AMENABILITY OF 

BANACH ALGEBRAS 



M. ESHAGHI GORDJI 

Abstract. In this paper we find some necessary and sufiicient conditions for a Banach algebra 
to be amenable or weakly amenable, by applying the homomorphisms on Banach algebras. 



1. Introduction 

Let ^ be a Banach algebra and let X be a Banach ^-bimodule. Then X* is a Banach A- 
bimodule if for each a ^ A , x ^ X and x* ^ X* we define 

{x,ax*) = {xa,x*), {x,x*a) = {ax,x*). 

Let Lp : A — > B be a Banach algebra honiomorphism, then is a ^-bimodule by the following 
module actions 

a.b — Lp{a)b, b.a — bip{a) (a G .4, & G B). 

We denote B^p the above ^-bimodule. For a Banach algebra A, A** with the first Arens product is 
a Banach algebra. Let X be a Banach ^—module, we can extend the actions of ^ on X to actions 
of A** on X** via 

a" .x" = u;*-linilimai 

i 3 



and 



?i;*-limlima;j a^, 



where a" = w*- lirui a^, x" = w*- liruj Xj. 

If X is a Banach ^-bimodule then a derivation from A into X is a continuous linear map D, 
such that for every a,b E A, D{ab) = D{a).b + a.D{b). li x E X, and we define 6x '■ A — > X 
by Sx{a) = a.x — x.a (a £ A)^ then dx is a derivation, derivations of this form are called 
inner derivations. A Banach algebra A is amenable if every derivation from A into each dual 
^-bimodulc is inner; i.e. H^{A,X*) = {o}, this definition was introduced by B. E. Johnson in 
[7]. A is weakly amenable if H^{A,A*) = {0}, where H^{A,A*) is the first cohomology group 
from A with coefficients in A*. Bade, Curtis and Dales have introduced the concept of weak 
amenability for commutative Banach algebras [1]. In this paper we show that for amenability 
of Banach algebra A^ it is enough to show that for every Banach algebra B and every injective 
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homomorphism (/? : A — > B, H^{A, B^*) = {o}. So we introduce two new notations in amenability 
of Banach algebras and we related this notations to weak amenability. 

2. Amenability 

Let ^ be a Banach algebra and X be a Banach ^-bimodule, then X ©i .A is a Banach space, 
with the following norm 

||(a;,a)|| = ||a;|| + ||a|| {aeA,xeX). 

So X ©1 A is a Banach algebra with the product 

{xi,ai){x2,a2) = {xi • a2 + di • X2, aia2) ■ 

X(BiAis called a module extension Banach algebra. It is easy to show that {X ©i A)* = X*®A*, 
where this sum is A-bimodule Zcxa— sum. In this section we use module extension Banach algebras 
to finding an easy equivalent condition for amenability of a Banach algebra. 

Theorem 2.1. Let A be a Banach algebra. Then the following assertions are equivalent: 

(i) A is amenable. 

(ii) For every Banach algebra B and every homomorphism (p : A — > B, H^{A,Bip*) = {o}. 

(iii) For every Banach algebra B and every injective homomorphism ip : A — > B, H^{A,B^*) = 
{o}. 

(iv) For every Banach algebra B and every injective homomorphism ip : A — > B, if : A — > B^p* 
is a (bounded) derivation satisfies 

{d^{a), ^{b)) + {d^{b), ip{a)) =0 (a, 6 G A), 

then dy, is inner derivation. 

(v) For every Banach algebra B and every injective homomorphism ip : A — > B, H^{A,B^**) = 
{o}. 

Proof. The proofs of {i) =^ (ii), (i) (u), (ii) =^ (iii) and (iii) =^ (iv) are immediate. 
We show that (iv) => (i) and (v) =^ (i) hold. Suppose that (iv) holds and let X be a Banach 
A-bimodule and D : A — > X* be a derivation. As above, we khnow that X ©i A is a Banach 
algebra and obviously the map 

(p : a 1-^ (o,a), A — > X Q^i A 
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is an injectivc Banach algebra homomorphism. Then H^{A, {{X (Bi A),p)*) = {o}. We define 
Di : A — > {X ©1 A)* by -Di(a) = (-D(a), o). For a,bG Awe have 

Di{ab) = {D{ab),0) = {D{a)b + aD{b),0) 

= {D{a),0){0,b) + iO,a)iD{b),0) 
= Di{a)>fi{b)+^{a)Di{b). 

Thus Di is a derivation from A into {{X ®i A)^)*. Also for every a,b & A, we have 

{D,{a),^{b)} + {D,{b),^{a)) = ((Z)(a), 0), (0, 6)) + 0), (0, a)) = 0. 

Then Di is inner derivation. On the other word there exist a' € A*,x' G X* such that Di = S(^x',a')- 
For every a £ A we have 

(-D(a), o) = -Di(a) = (5(j;', „')(«) 

= ip{a){x' ,a') — {x',a')(fi{a) 
= {0,a){x',a') - {x',a'){0,a) 
= {ax' — x'a, aa' — a' a). 

Thus D — 6x'- So A is amenable. To prove (v) =^ (i), let X be a Banach ^-bimodule and 
let D : A — > X** be a derivation. If : A — > X ©i ^ is the above injective Banach algebra 
homomorphism, then it is easy to show that (p** : A** — > {X ©i A)** the second transpose of (p 
is a Banach algebra homomorphism and that {{X ©i A)^)** ~ {X** ©i ^**)^.. as ^**-bimoduls. 
Then 

H\A, {X** ©1 = ^^(A {{X ©1 = {o} (1). 

Now we define Di : A — > X** ©i A** by Di{a) = {D{a), o). For a, 6 e ^ we have 

Di{ab) = Di{a)ip**{b) + ip**{a)Di{b). 

Thus £>i is a derivation from A into {X** ©i A**)^**. By (1), Di is inner. Therefore there exist 
a" e A**, x" e X** such that Di = 5(x",a"), and by a similar proof as above we can show that D 
is inner. Then we have H^{A,X**) = {o}, and by Proposition 2.8.59 of [2], A is amenable. ■ 

Let A has a bounded approximate identity, and let X be an essential Banach .A-bimodule, then 
it is easy to show that {X ©i A)^ is an essential Banach .A-bimodule when ip : A — > X ®i A 
defined by <^(a) = (o, a). By a same technique as above and by using Corollary 2.9.28 of [2], we 
have the following 

Theorem 2.2. Let A be a Banach algebra with a bounded approximate identity. Then A is 
amenable if and only if for every Banach algebra B and every injective homomorphism (p : A — > B 
in which is essential, H^{A,B^*) = {o}. 
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3. Weak amenability 



In this section we fined the relationship between weak amenabiUty and homomorphisms of 
Banach algebras. First we introduce two new notations of amenability of Banach algebras. 

Definition 3.1. Let .A be a Banach algebra. Then 

(i) A is supper weakly amenable if for every Banach algebra B and every continuous homomorphism 
(p : A — > B, if dip is a (bounded) derivation from A into B,p* , then the following condition holds 

{d^{a),ip{b)) + {d^{b),^{a))=0 {a,beA) (1). 

(iii) A is semiweakly amenable if every derivation D : A — > A*, by the following property 

{D{a),b) + {D{b),a) = {a,b £ A) (2), 

is an inner derivation. 

Example 1. Let T be the unit circle. We write (/(n) : n e Z) for the sequence of Fourier 
coefficients of a function / s L^{T). For a e (5, 1), let A = lipa{T), we define D : A — > A* by 

{D{f),g) =Y,^9{n)f{-n), {f,g S A). 

D is a non- inner derivation (see [1]) and we have 

{D{f),g) + {D{g)J} = {f,geA). 

Thus A is not semiweakly amenable. 

Theorem 3.2. Let .A be a supper weakly amenable Banach algebra. Then 

(i) A is essential. 

(ii) There are no no-zero continuous point derivations on A. 

Proof, (i): Let ao G A — A'^, then by Hahn-Banach theorem there exists f £ A* such that 
(/)<io) = 1 and f{A'^) = {0}. The mapping D : a 1 — > f{o)f, A — > A* is a derivation and we 
have (£'(ao), ao) + (-D(ao), ao) = 2 0. Thus A is not supper weakly amenable, (ii): Let G O^. If 
= 0, then by (i), every derivation from A into C,^* is zero. If ^ 0, and d^p : A — > C^, is a point 
derivation at ^p, then by Definition 3.1, for every a e A we have (d,^(a), <^(a)) = d,p{a)(fi{a) = 0. 
Therefor we have d,p\{A\ M^) = 0. Thus = 0. ■ 

Example 2. Let A = C by the product ab = 0, {a,b e C). Then by Theorem 3.2 (i), A is not 
supper weakly amenable. But it is easy to check that A is semiweakly amenable. 

Example 3. Let 5 be a discrete semigroup in which S'^ ^ S, then by Theorem 3.2 (i), 1^{S) is not 
supper weakly amenable. Let 5 = {t, 0} by products tO = Ot = t"^ = O"^ = 0, then 1^{S) is not supper 
weakly amenable but for every derivation D : 1^{S) — > 1^{S)* if {D{St), So) + {D{So), St) = 0, then 
we have D = 0. Thus 1^{S) is semiweakly amenable. 

Now we fined an equivalent condition for weak amenability of Banach algebras. 
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Theorem 3.3. Let .4 be a Banach algebra. Then 

(i) A is weakly amenable if and only if A is supper weakly amenable and semiweakly amenable. 

(ii) Let A he a unital Banach algebra then A is supper weakly amenable if and only if for every 
derivation D : A — > A*, and for every a G A, we have (-D(a), 1) = 0. 

Proof, (i): Let A be weakly amenable. Obviously A is semiweakly amenable. For Banach algebra 
B and for (continuous) homomorphism tp : A — > B, let d,p : A — > B^* be a derivation. We define 
D = d^^ip : A — *■ A* as follows 

{Dia),b)^{d^ia),ip{b)) ia,b€A) (3). 

For every a,b,c € A, we have 

{D{ab),c) = {d^{ab),ip{c)) 

= {d^{a)ip{b), ip{c)) + {ip{a)d^{b), ip{c)) 
= {d^{a),^{b)ip{c)) + {d^{b),ip{c)ip{a)) 
= {dy,{a},ip{bc)) + {d^{b),ip{ca}) 
= {D{a),bc) + {D{b),ca) 
= {D{a)b + aD(b),c). 

Therefore Z) is a derivation. Then there exists f & A* such that D = 5f : A — > A*. Thus for 
every a,b & A, we have 

{D{a), b) + {D{b), a) = {Sf{a),b) + {Sf{b), a) 

= {af-fa,b) + {bf-fb,a) 
= 0. 

So A is supper weakly amenable. The converse is trivially since id : A — > .A is a homomorphism 
in which A* = Aid*- (ii): Let for every derivation D : A — > A*, and for every a G A, the equality 
{D{a), 1) = holds, and let <p : A — > B be a Banach algebra homomorphism. If d^, : A — > B^* is 
a derivation, then D = d^iSi(p ■ A — > A* defined in the proof of (i), is a derivation and for every 
a,b G A, we have 

{d^{a), ^(6)) + {d^{b), <p(a)) = {D{a), b) + {D{b), a) = {D{ab), 1) = 0. 

The converse is trivial. ■ 
Corollary 3.4. (Theorem 2.8.63 of [2]) Let A he a, weakly amenable Banach algebra, then A is 
essential and there are no non-zero, (continuous) point derivations on A. 

Corollary 3.5. Let G be a locally compact topological group. Then G is discrete if and only if 
M{G) is supper weakly amenable. 
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Proof. H. G. Dales, F. Ghahramani and A. Ya. Hclmeskii [3] showed that G is discrete if and only 
if there are no nonzero point derivations on M{G). By applying Theorems 3.2 (ii) and 3.3 (i), we 
conclude that G is discrete if and only if M{G) is supper weakly amenable. ■ 

By the following Theorem we can show that the supper weak amenability is different from the 
weak amenability and semiweak amenability. 

Theorem 3.6. Let .4 be a supper weakly amenable Banach algebra, and let 6 : A — > B be a 
continuous Banach algebra homomorphism with dense range. Then B is supper weakly amenable. 

Proof. Let : B — > C be a Banach algebra homomorphism and let d^p : B — > C,/' be a derivation. 
Then for every a,h €: A, we have 

d^o9{ah) = dy,o9{a)(fio6{b) + (po9{a)d^o6{b). 

Therefore d^poO is a derivation from A into {C^oo)*- Since A is supper weakly amenable, then for 
every a, b £ A, we have 

{d^oe{a),ipo0{b)) + {d^oe{b),ipo0{a)) = 0. 
Since 6 (A) is dense in B, then for every a',b' G B, 

{d^{a'),^{b')) + {d^{b'),^{a')}=0. 

Thus B is supper weakly amenable. ■ 

Corollary 3.7. There exists a supper weakly amenable, non-semiweakly amenable Banach algebra. 

Proof. Let E be Banach space without approximation property and take A to be the nuclear 
algebra E®E* (see Definition 2.5.4 of [2]). The identification oi E ® E* with T{E) extends to an 
epimorphism R : E^E* — > M{E) (see Theorem 2.5.3 of [2]). Set K = kerR, then by Corollary 
2.8.43 of [2], A is biprojective and hence weakly amenable. If dimK > 2 then K does not have 
trace extension property. So by Proposition 2.8.65 (iii) of [2], M{E) = is not weakly amenable. 
On the other hand by (i) of Theorem 3.3, above, A is supper weakly amenable and by Theorem 3.6, 
N{E) = is supper weakly amenable. Thus by Theorem 3.3, Af{E) is supper weakly amenable, 
non-semiweakly amenable Banach algebra. ■ 

Wc finish this section with a Theorem about semiweak amenability of unitization of Banach 
algebras, and its application to finding an example of non-supper weakly amenable Banach algebra 
which its unitization is supper weakly amenable. 

Theorem 3.8. Let ^ be a Banach algebra. If A^ (the unitization of A) is semiweakly amenable, 
then A is semiweakly amenable. 

Proof. Let D : A — A* be a derivation in which (2) holds. We define : A^ — > A^* as follows 

(D'^ia, c), (6, c')) = {D{a),b) (a, bGA,c,c' e C). 
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Then for every a,b,d € A and c, c' , c" G C, we have 

{D\{a, c){b, c')), {d, c")) = {D^ab + cb + c'a, cc'), {d, c")) {D{ab + cb + c'a), d) 
= {D{a)b + aD{b) + cD{b) + c'D{a), d) 
= {D{a), bd + c"b + c'd) + {D{b), da + cd + c"a) 
= {D^{a, c), {bd + c"b + c'd, c'c")) + {D^b, c'), {da + cd + c"a, cc")) 
= {{Di{a, c)){b, c'), {d, c")) + ((a, c)(l?«(&, c')), (d, c")>. 

Thus D" is a derivation. So we have 

{D\a, c), (6, c')) = {D{a), b) = {D{b), a) = {D^{b, c'), {a, c)) {a, beA,c,c' e C). 

is semi weakly amenable, then there is u' € A^* such that L»» = Su'. So we have D = d(„>i ,\. 
Thus A is semi weakly amenable. ■ 

Let A be the augmentation ideal of L^{PS{2,M.)), then we know that A^, is weakly amenable 
and that A is not weakly amenable (see [8]). By above Theorem, A is semiweakly amenable. So 
by Theorem 3.3, A^ is supper weakly amenable and A is not supper weakly amenable. Thus we 
have the following. 

Corollary 3.9. There exists a semiweakly amenable Banach algebra A, Such that A^ is supper 
weakly amenable, and A is not supper weakly amenable. 

4. SUPPER WEAK AMENABILITY OF THE SECOND DUAL OF BANACH ALGEBRAS 

Let A** be the second dual of A with the first Arens product. Then amenability of A** implies 
the amenability of A (see for example Proposition 2.8.59 of [2]). So weak amenability of A** 
implies the weak amenability of A if one of the following conditions holds (see [4], [5] and [6]). 

(i) ^ is a left ideal in A**. 

(ii) ^ is a dual Banach algebra. 

(iii) A is Arens regular and every derivation from A into its dual is weakly compact. 
Similarly for supper weak amenability we have 

Theorem 4.1. Let .4 be a Banach algebra with one of the conditions (i), (ii) or (iii) as above. Let 
A** be supper weakly amenable, then A is supper weakly amenable. 

Proof. Let D : A — > A* be a derivation, then D has an extension D : A** — > {A**)* in which D 
is a derivation (see [4], [5] and [6]). Since A** is supper weakly amenable, then for every a,b G A, 
we have 

(D{a), b) + {D{b), a) = {D{d),b) + {D{b),a) = 0. 



8 M. ESHAGHI GORDJI 

Now let (fi : A — > Z? be a Banach algebra homomorphism and let : A — *■ B^* be a derivation. 
Set D = d^^(p (defined in the proof of Theorem 3.3). We have 

(rf^(a), ^{b)) + {d^{b), ip{a)) = {D{a), b) + {D{b), a) = 0. 

Thus A is supper weakly amenable. ■ 

Theorem 4.2. Let Ahe a. Banach algebra. Let A** be supper weakly amenable, then 

(i) A is essential. 

(ii) There are no no-zero continuous point derivations on A. 

Proof, (i): By Theorem 3.2 (i), A** is essential, then we can show that A is essential (see for 
example Proposition 2.1 of [5]). (ii): Let ip e fi^. li (p = 0, then by (i), every derivation from A 
into C^* is zero. Now let 7^ (/^ G 0_4, then it is easy to show that ip" 6 ilj^-*. We suppose that 
dip : A — » is a point derivation at (p. Let a", b" e A** then there are nets (a^) and (6/3) in A 
such that converge respectively to a" and b" in the weak*- topology of A**. Then we have 

{d^)"{a"b") = weak*limalim0d^{aab0) 

= weak*limalimpd^{aa)<p:>{bp) + weak*limalimjs(p{aa)d^{bfi) 

= {d^)"{a").^"{b")+^"{a").{d^)"{b"). 

Thus [d^y : A** — > C^//** is a derivation. By Theorem 3.2 (ii), for every a,b £ A, we have 

(rf^(a), ^(6)) + (d^(6), ^{a)) = ((d^)"(a), ^"{b)) + {{d^)"{b), ^"{a)) =0. ■ 
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